We study anomalous diffusion governed by the n-tuple order time-fractional Fokker-Planck equation of Riemann-Liouville type. We find a stochastic representation of this anomalous diffusion; that is, the stochastic process with probability density function evolving according to the considered diffusion equation. The stochastic representation, given in the form of the Brownian motion subordinated by a Lévy process defined in terms of the Lévy exponent, is shown to be an accelerating subdiffusion process. Taking advantage of the stochastic representation, we construct an algorithm for computer simulations of the accelerating-subdiffusion sample paths. Moreover, we obtain a stochastic representation and the simulation algorithm for the case of the anomalous diffusion influenced by an external space-dependent force field.
I. INTRODUCTION
Anomalous diffusion processes refer, in general, to the characteristic displacement (diffusion length) L that does not scale as the square root of time, i.e., as for classical diffusion. Such a deviation from classical diffusive behavior can be observed in many systems [1] [2] [3] .
The characteristic displacement L is usually related to Var X(t) = [X(t) − X(t) ]
2 , the mean-squared displacement (MSD) of the stochastic process X(t) representing the diffusive particle's position at time t:
L ∝ Var X(t).
For anomalous kinetics, the MSD of X(t) is nonlinear in time. In the simplest case, one can observe just the power-law behavior,
with some exponent α > 0, α = 1, and normalizing time constant θ > 0. However, such a homogeneous time scaling is still a simplified picture of complex physical phenomena; and many systems demonstrate nonscaling behavior reflected, for example, by changes in time-scaling exponents through time domain [4] [5] [6] [7] . Phenomena described by Eq. (1) with α < 1 are referred to as subdiffusion processes, and they can be modeled within a continuous-time random-walk scenario [1] , as well as in the frameworks of generalized Langevin equation [8] , fractional Brownian motion [9] , or the Langevin equation with multiplicative noise [10] . The power-law behavior of MSD corresponds in these models to the dominating influence of traps or to the strong correlations and memory effects. An extension of the subdiffusion concept to the so-called accelerating subdiffusion, introduced and studied in [11, 12] , * sebastian.orzel@pwr.wroc.pl † wojciech.mydlarczyk@pwr.wroc.pl ‡ agnieszka.jurlewicz@pwr.wroc.pl assumes two different short-and long-time scalings of MSD:
with 0 < α 0 < α ∞ 1, that is with short-time power-law exponent α 0 smaller than the long-time exponent α ∞ . Among phenomena exhibiting behavior of this kind, one can find the diffusion of telomeres in the nucleus of mammalian cells [13] , molecules diffusing in living cells [14, 15] , and a random motion of bright points associated with magnetic fields at the solar photosphere [16] . In a model of the phenomena characterized by the accelerating-subdiffusion MSD asymptotics described by Eq. (2), proposed and studied in Refs. [11, 12] , the stochastic process X(t), describing the current position of the diffusive particle at time t, was assumed to correspond to the probability density function (PDF) p(x,t), which evolves according to the following distributed-order time-fractional diffusion equation:
which acts on the function f (t) satisfying appropriate conditions (for details, see Ref. [17] ). Let us note that although a concept of distributed-order derivatives was presented before by Caputo in Refs. [18, 19] , the first serious attempts to model the subdiffusion phenomena by distributed-order fractional equation were performed in Ref. [20] . Recently, similar ideas have been applied to model anomalous diffusion in nonhomogenous media by means of Lévy flights [21] . Although some considerations on the governing Eq. (3) [using the Fourier-Laplace-transformation technique applied to the PDF p(x,t)] were presented in Refs. [11, 12] for an arbitrary form of the weight function ξ (α), the detailed studies were only performed for a special form of ξ (α) given by
with 0 p 1 1 and 0 < α 1 < α 2 1 [where δ(·) denotes the Dirac δ function]. For the weight function given by Eq. (4) the corresponding diffusion process X(t) was shown [11, 12] to have MSD satisfying Eq. (2) with α 0 = α 1 , α ∞ = α 2 ; that is, to be an accelerating subdiffusion process.
In this paper, we study the above model of accelerating subdiffusion for the weight functions of the discrete form generalizing Eq. (4):
where p i > 0 for i = 1, . . . n, n i=1 p i = 1, and 0 < α 1 < α 2 < · · · < α n 1. For such a discrete weight function ξ (α), Eq. (3) can be rewritten into the so-called n-tuple order timefractional diffusion equation:
Let us mention that for the solutions of the double-and tripleorder time-fractional diffusion Eq. (5) (i.e., for n = 2 or n = 3, respectively) analytical formulas in the form of infinite series of the Fox functions were derived recently [22, 23] . To our knowledge, the case for n 4 has not been studied yet in detail.
Here, we follow an idea proposed and involved in Refs. [11, 24, 25] , of stochastic representation of the diffusion equation in terms of a stochastic process whose PDF obeys this equation. For an arbitrary n, we construct the stochastic process X n (t) representing the diffusion Eq. (5). We show that X n (t) is just a Brownian motion subordinated by the operational time given by a process inverse to some Lévy subordinator with the Lévy exponent related to ξ (α). Moreover, we propose an efficient algorithm for simulating the sample paths of the obtained process X n (t) [that can be applied also for numerical investigations of the diffusion Eq. (5)].
Let us emphasize that Eq. (5) itself is not sufficient to define the non-Markovian stochastic process X n (t) with its all finitedimensional distributions. The diffusion equation only refers to the PDF p(x,t) of X n (t). Anyway, the stochastic representation allows us to examine properties of the anomalous diffusion described by Eq. (5). In particular, we show here that the MSD of X n (t) exhibits the accelerating-subdiffusion property, described by Eq. (2) with α 0 = α 1 and α ∞ = α n . Finally, to extend the model we introduce an influence of an external space-dependent force field, and we consider the diffusion processes for which the governing equation takes the form:
where (2), the accelerating subdiffusive pattern. The paper is structured as follows. In Sec. II, we derive the formula for the stochastic representation X n (t) of the diffusion Eq. (5). Then, in Sec. III, studying properties of X n (t), we show that its MSD satisfies Eq. (2). An algorithm for simulating trajectories of the stochastic representation X n (t) is presented in Sec. IV. In Sec. V, we generalize the results presented in the previous sections into the case of general space-dependent external force field. We end with conclusions in Sec. VI.
II. STOCHASTIC REPRESENTATION FOR THE MULTIPLE ORDER TIME-FRACTIONAL DIFFUSION EQUATION
In order to find the stochastic representation of the anomalous diffusion process governed by Eq. (5), let us notice first that for n = 1, i.e., for ξ (α) = δ(α − α 1 ), 0 < α 1 < 1, Eq. (5) simplifies to the pure subdiffusive fractional Fokker-Planck (FFP) equation,
which reflects homogeneous in time scaling of MSD described by Eq. (1) with exponent α 1 . It is well known [24] that the stochastic process X(t) whose PDF evolves according to the FFP Eq. (7) can be represented as a rescaled Brownian motion B(τ ) subordinated by an inverse Lévy-stable subordinator S(t), independent of B(τ ). It means that
where the operational time S(t) is defined as
for a strictly increasing α 1 -stable Lévy motion T (τ ), for which the Laplace transform e
Here, g(t,τ ) is a PDF of T (τ ). As we shall show below, in the case of Eq. (5) with n 2, the corresponding stochastic process X n (t) can be given by
where the parent process is the same as for the pure subdiffusive case, Eq. (8), while the operational time S n (t), still independent of B(τ ), changes into
an inverse process to a subordinator T n (τ ), which is defined as a Lévy process such that e −kT n (τ ) = e −τ (k) , where
Notice that the Lévy processes are defined as stochastically continuous stochastic processes starting from 0, with independent and stationary increments. The Lévy process T n (τ ) is uniquely determined by its Lévy exponent (k), which has to belong, however, to the class of Bernstein functions [26, 27] . Since (k) given by Eq. (12) is a Bernstein function (see Appendix), the subordinator T n (τ ) is well-defined. Also, it starts from 0 and is a pure-jump process with strictly increasing sample paths. Therefore, the inverse subordinator S n (t), defined by Eq. (11), has nondecreasing, continuous, piece-wise constant trajectories. Moreover, the PDF s n (τ,t) of S n (t) exists [28] , and the Laplace transform of s n (τ,t), with respect to t (t → k), is given bŷ
The PDF q(x,τ ) of the rescaled Brownian motion √ 2KB(τ ) obeys the classical Fokker-Planck equation,
with q(x,0) = δ(x). Equivalently, in the Laplace space with respect to τ (τ → k), we have
Since B(τ ) and S n (t) are independent processes, it follows from the total probability formula that for t > 0 the PDF w(x,t) of the stochastic process X n (t) is given by
Using Eq. (13), we conclude that the Laplace transform of w(x,t) with respect to t (t → k) readŝ
Replacing k with (k) in Eq. (14), we obtain
Then, from Eq. (15) and the fact that w(
we infer thatŵ(x,k) satisfies the equation
which is equivalent to the diffusion Eq. (5) in the Laplace space with respect to t. Consequently, the subordinated diffusion process X n (t) defined by Eq. (10) can indeed be used as the stochastic representation of the n-tuple order time-fractional diffusion Eq. (5).
III. MEAN-SQUARED DISPLACEMENT
The stochastic representation given by Eq. (10) of the diffusion Eq. (5) allows us to calculate the MSD of the corresponding anomalous diffusion process. It follows from the independence of B(τ ) and S n (t), and from the properties of the Brownian motion that for any t > 0 we have X n (t) = 0 
In order to find the mean function S n (t) , let us calculate its Laplace image. Taking into account Eq. (13), we get
By inverting the Laplace transform, we get
Since 0 < α 1 < α 2 < . . . < α n 1, it is easy to find that the MSD given by Eq. (16) has the accelerating-subdiffusion property as in Eq. (2) with α 0 = α 1 and α ∞ = α n . In Figs. 1 and  2 we present the shapes of MSD given by Eq. (16) for n = 2 and n = 3, respectively. In Fig. 1 , we illustrate an influence of the weight parameters p 1 , p 2 = 1 − p 1 on the MSD in the case of accelerating subdiffusion modeled by double-order time-fractional diffusion equation. In Fig. 2 , for the triple-order case we show how the MSD with the same short-and long-time asymptotic behavior depends on the choice of the intermediary exponent α 2 .
IV. ALGORITHM FOR COMPUTER SIMULATIONS
In this section, we present a method for approximating sample paths of the stochastic process X n (t) = √ sample path of the stochastic process X n (t) on the interval [0,t * ] (where t * is the assumed time horizon) can be obtained as a superposition of independent trajectories of the Brownian motion √ 2KB(τ ) and of subordinator S n (t) defined by Eq. (11) .
The trajectory of the operational time S n (t), which is an inverse process to T n (τ ), is approximated by
on the grid {t i = i t : i = 1, . . . ,N}, where the step length is equal to t = t * N ; see Ref. [25] . Since T n (τ ) is a Lévy subordinator, its increments are independent and stationary, and the values of T n (τ ) in τ = m t can be generated by the following procedure
where Z m are the values of independent and identically distributed positive random variables with the distribution specified by the Laplace transform
An efficient numerical algorithm for generating values of random variable in such a case, presented recently in Ref. [29] , is based on the commonly used inverse transform sampling. Following Ref. [29] , in order to generate value x of Z m , we need to generate U from uniform distribution on [0,1] and then solve the equation
where G n (x, t) := P [T n ( t) < x] is the cumulative distribution function (CDF) of T n ( t). Equation (19) is usually solved numerically by the modified Newton-Raphson method combined with the bisection procedure, where in the consecutive step we use either the Newton-Raphson method, with g n (x,τ ) being the PDF of T n (τ ), or the bisection procedure according to some control parameters. At each step, values of the CDF G n [x (j ) , t] and of the PDF g n [x (j ) , t] are calculated by the numerical inverting of their Laplace transforms with respect to coordinate x that are known to be equal,
where (k) is given by Eq. (12) . (For more details of the algorithm see Ref. [29] .) The iterative procedure, Eq. (18), ends at such an index m * for which T n [(m * − 1) t] t * < T n (m * t), and consequently, S
n (t * ) = (m * − 1) t. In the next step, we simulate the trajectory of B(τ ) on the time interval [0,(m * − 1) t] using the classical Euler scheme [35] . That is, for k = 1, . . . , m * − 1, we take
where B(0) = 0, and ζ k are values of independent random variables, each distributed according to the standard normal law N (0,1). Finally, we approximate a sample path of the stochastic process X n (t) by X n (
Trajectories of the inverse subordinator S n (t) and of the accelerating subdiffusion process X n (t), obtained by the described method, are presented in Fig. 3 .
V. INFLUENCE OF AN EXTERNAL FORCE FIELD
The results of Sec. II can be easily extended to the case when we take into account an influence of an external spacedependent force field. For the generalized diffusion Eq. (6), with a nonzero force F (x), the stochastic representation can be found in the form
where the parent process Y (F ) (τ ) satisfies the following Itô stochastic differential equation (SDE) with respect to the Brownian motion B(τ )
and it is independent of the operational time S n (t) defined by Eq. (11) as for the free-force case. It should be emphasized here that X (F ) n (t) describes a velocity process that can be considered in the framework of the Klein-Kramers model in connection with its first integral describing random position of the particle; see Refs. [30, 31] . Moreover, the subordinated process X (F ) n (t) has clear physical meaning [32] ; in particular, the subordination does not break the fluctuation-dissipation relation and the Boltzmann H theorem. Let us note, also, that other constructions of anomalous diffusion processes, based on changing only the noise part in the SDE (by subordination, replacing by noise different than Brownian etc.), have been proposed and studied recently; see, e.g., Refs. [31, 33, 34] .
To show Eq. (20), we can follow the derivations presented in Sec. II taking into account that the parent process Y (F ) (τ ) is an Itô diffusion process and, hence, its PDF q(x,τ ) obeys the Fokker-Planck equation
A simulation algorithm from Sec. IV can be applied for the stochastic representation X (F ) n (t). One should only modify the step connected with an approximation of the parent-process sample path. Now, we have to simulate the trajectory of Y (F ) (τ ) on [0,(m * − 1) t] using the Euler scheme for SDEs [35] , that is for k = 1, . . . , m * − 1, we take
where Y (F ) (0) = 0, and ζ k are values of independent random variables, each distributed according to the standard normal law N (0,1). Finally, we approximate a sample path of the stochastic process X (F )
n (t i ) is as in Eq. (17). In Fig. 3 , we present trajectories of the inverse subordinator S n (t) and of the stochastic processes X (F ) n (t) for the free-force, constantforce, and linear-force cases, obtained by the described method.
Let us note that the MSD of the obtained anomalous diffusion process is strongly influenced by the external spacedependent force field F (x). In contrast with the free-force case, despite similarities in the form of the stochastic representation, the MSD of X 
Therefore,
In Sec. III, we have derived formula for S n (t) . The second moment S 2 n (t) can be found in a similar way. In view of Eq. (13), the Laplace image of S 2 n (t) is equal to
for (k) given by Eq. (12) and, hence,
As a consequence, we obtain that
If 2α n 1, the anomalous diffusion process X (F ) n (t) has, hence, the accelerating-subdiffusion property defined by Eq. (2), with α 0 = α 1 and α ∞ = 2α n . In contrast, for 2α n > 1, it exhibits a superdiffusive behavior at the long-time range. One can see this deviation from a subdiffusive pattern in Fig. 4 .
As the second example, let us study the case of linear space-dependent force F (x) = −F x for some constant F > 0. Then the parent process in Eq. (20) is equal to
, and for any τ > 0, we have Y (F ) (τ ) = 0 and
Therefore, X 
032110-5 n (t) in the constant-force case with F (x) = F = 1 compared with the accelerating-subdiffusion MSD obtained in the free-force case for the same parameters n = 2, α 1 = 0.6, α 2 = 0.9, p 1 = p 2 = 0.5, θ = 1, and K = 0.5. In the nonzero external-force field case, one can observe a deviation from the accelerating-subdiffusive pattern for long times.
The Laplace image of Var
for (k) given by Eq. (12), and it exhibits the following asymptotic behavior
By means of Tauberian theorem [36] , we get that
Hence, in the linear-force case, the anomalous diffusion process does not satisfy Eq. (2) and hence, it does not posses the accelerating-subdiffusion property. One can see this also in Fig. 5 , where the MSD of X (F ) n (t) in the linear-force case was approximated by Monte Carlo methods with application of the simulation algorithm proposed above.
VI. CONCLUSIONS
In this paper, we have studied the model of accelerating subdiffusion governed by the n-tuple order time-fractional diffusion Eq. (5). We have found its stochastic representation, i.e., the stochastic process X n (t) = √ 2KB[S n (t)] whose PDF evolves according to Eq. (5). Calculating the MSD of X n (t), we have shown that it exhibits the accelerating-subdiffusion nonscaling behavior described by Eq. (2). The stochasticrepresentation approach to the accelerating subdiffusion allowed us to construct an efficient procedure of a samplepath visualization for the considered anomalous diffusion processes. We have derived also the stochastic representation of the multiple-order time-fractional diffusion equation with nonzero external space-dependent force field, and we have shown that the external force field significantly influences the parent process and the MSD behavior. We have provided an 3 trajectories in comparison with the MSD of X n (t) obtained in the free-force case for the same parameters (and the same as described in the legend of Fig. 4 ). In the linear externalforce field case, one can observe a deviation from the acceleratingsubdiffusive pattern for long times.
example how the computer algorithm for the sample-paths simulation can be applied to numerical investigations of some relevant properties of the considered anomalous diffusion processes via Monte Carlo methods. It is worth emphasizing that our approach is valid for different values of n and for different forms of space-dependent force fields. We expect that our results will yield deeper insights into the phenomena whose MSD cannot be characterized by a single scaling exponent.
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APPENDIX
We need to show that function (k), defined by Eq. (12) , is a Bernstein function. It is a well-known fact that k 1−α for 0 < α 1 is a Bernstein function. Moreover, it belongs to the class of complete Bernstein functions [26] . Hence, for any θ > 0, n 1, 0 < α j 1, and p j > 0, j = 1,2, . . . n, the sum , it follows from Proposition 7.1 (p. 62 in Ref. [26] ) that (k) is a complete Bernstein function as well. So it is a Bernstein function, and according to the Hausdorff-Bernstein-Widder theorem (see Refs. [26, 27] ), it can serve as a Lévy exponent of some Lévy subordinator T n (τ ).
